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The inflationary brane-world scenario at the early universe based on a
trace anomaly induced effective action in the frame of Randall-Sundrum
compactification [1] has been suggested in [2]. However, before developing
this scenario is necesary to calculate conformal anomaly of brane matter.
Conformally invariant theories are very interesting objects. On the clas-
sical level, conformal symmetry is manifested in the fact that the stress-
energy tensor for the system is traceless. But at the quantum level, after
applying the regularization and (or) renormalization, such symmetry is bro-
ken. This fact leads to so-called Weyl, conformal or trace anomaly. Once the
symmetry is broken, the next step is to integrate this anomaly for finding
a finite (non-local) effective action and then add it to classical gravity for
describing the effects emerging from quantum theory.
So, it is well-known that conformally invariant field theories give rise to
trace anomaly at quantum level [3]. For the 4D higher derivative scalar field
theory it was found that trace anomaly can be obtained from the following
action
S =
∫
d4x
√−gϕ∇4ϕ
where ∇4 ≡ ✷2− 2Rµν∇µ∇ν +(2/3)R✷− (1/3)(∇µR)∇µ, ✷ ≡ ∇µ∇µ and3
ϕ with dimension l0; ∇4 has the unique conformally covariant structure for
a fourth-order differential operator, and it is self-adjoint [4].
It is interesting that conformal anomaly can be found also in the case
of external gravity-dilaton background: Nojiri and Odintsov found a similar
situation for 2D or 4D conformally invariant scalar-dilaton system [5].
In this work we search for the trace anomaly for 4D higher derivative
scalar-dilaton theory by calculating the divergent part of the effective action
for such theory.
Thus, first we must calculate trace anomaly. For this, it is helpful to
remember that effective action is constructed in such a way that its vari-
ational derivative with respect to metric tensor give us the mean value of
stress-energy tensor for the conformally invariant system which is under con-
sideration. Thus, the form of trace anomaly corresponds with the divergent
part of such effective action [3]. Then, we calculate one-loop effective action
for theory (1) and substract from it its divergent part.
The action for higher derivative dilaton coupled scalar is
S =
∫
d4x
√−gf(σ)ϕ∇4ϕ, (1)
3In this work we shall set c, h¯ = 1
2
where ϕ is the scalar field, σ is the dilaton field and there is non-minimal
coupling between scalar and dilaton fields. The self-interaction of dilaton is
not considered here.
We shall calculate the one-loop efective action using the background
fields (i. e. classical fields). For this, we must split all fields in the action
(1) into their classical and quantum parts, according to the rule σ → σ˜,
gµν → g˜µν and ϕ → ϕ + ϕ˜, where the fields with tilde are taken as being
classical.
One-loop effective action is given by the expression [6]
Γ(1) =
i
2
Tr ln
δ2S[ϕ]
δϕ(x)δϕ(y)
.
Applying this to (1) we get
Γ(1) =
i
2
Tr lnH
where
H ≡ ✷2 + Lµ∇µ✷− V µν∇µ∇ν −Nµ∇µ + U (2)
and we have adopted the notations
Lµ = 2
(∇µf)
f
,
V µν =
(
(✷f)
f
− 2
3
R
)
gµν + 2
(
Rµν +
(∇µ∇νf)
f
)
,
Nµ = 2
(∇µ✷f)
f
+
1
3
(∇µR)− 2
3
(∇µf)
f
R, (3)
U =
(✷2f)
f
+
1
6
(∇µf)
f
(∇µR) +
(∇µ∇νf)
f
Rµν −
1
3
(✷f)
f
R.
The method for calculating the divergences of one-loop effective action
is based on the universal-trace method [7]. The divergent part of effective
action given by the trace-log of operator (2) has been calculated in [6, 8]
and it is
Tr lnH =
2i
ε
Tr
{
−U + 1
4
LµNµ +
1
6
Lµ∇µV −
1
6
Lµ∇νVµν−
− 1
24
V LµLµ −
1
12
V µνLµLν +
1
2
P 2 +
1
12
SµνS
µν+
+
1
6
RµνR
µν − 1
24
R2 +
1
12
RV − 1
6
RµνVµν+
+
1
48
V 2 +
1
24
V µνVµν +
1
60
F − 1
180
G
}
(4)
3
where F ≡ C2
µνρτ
is the square of the conformal Weyl tensor, G is the
Gauss-Bonnet topological invariant and
P ≡ 1
6
R− 1
2
∇µLµ −
1
4
LµL
µ, V ≡ V µ
µ
,
Sµν ≡ ∇[νLµ] +
1
2
L[νLµ],
A[µBν] ≡
1
2
(AµBν −AνBµ).
Substituting relation (3) into (4) and carrying out elementary transforma-
tions we obtain
Tr lnH =
2i
ε
Tr
{
−(✷
2f)
f
− 1
3
(∇αf)(∇αR)
f
−Rµν
(∇µ∇νf)
f
+
+
1
6
R
(✷f)
f
+ 4
(∇αf)(∇α✷f)
f2
− 11
3
(∇αf
f
)2 (✷f)
f
−
− 4
3
Rµν
(∇µf)(∇νf)
f2
− 4
3
(∇µf)(∇νf)(∇µ∇νf)
f3
+
+
19
12
(
✷f
f
)2
+
1
6
(∇µ∇νf
f
)2
+
+
1
60
F − 1
180
G
}
. (5)
In the limit f(σ) = 1 (5) is reduced to
Tr lnH =
2i
60ε
Tr
(
F − 1
3
G
)
which (excluding surface terms) is the same result as the one obtained in
[4].
The effective action is related with the trace of the energy momentum
tensor Tµν (see e. g. [3, 4, 6]). According to these results, trace anomaly
for theory (1) has the same structure as (5), i. e.
T ≡ < T µµ >
= Tr
{
−(✷
2f)
f
− 1
3
(∇αf)(∇αR)
f
−Rµν
(∇µ∇νf)
f
+
+
1
6
R
(✷f)
f
+ 4
(∇αf)(∇α✷f)
f2
− 11
3
(∇αf
f
)2 (✷f)
f
−
4
− 4
3
Rµν
(∇µf)(∇νf)
f2
− 4
3
(∇µf)(∇νf)(∇µ∇νf)
f3
+
+
19
12
(
✷f
f
)2
+
1
6
(∇µ∇νf
f
)2
+
+
1
60
F − 1
180
G
}
(6)
One can integrate above conformal anomaly for finding the anomaly
induced effective action. Such action may be considered as quantum cor-
rection to FRW equations. It is also interesting that for some specific value
of dilaton (defined to satisfy T = 0) the conformal anomaly is absent. This
indicates that such value of dilaton is kind of fixed point where conformal
symmetry may be restored.
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